Predictor antenna (PA) system is referred to as a system with two sets of antennas on the roof of a vehicle, where the PAs positioned in the front of the vehicle are used to predict the channel state observed by the receive antennas (RAs) that are aligned behind the PAs. In this work, we study the effect of spatial mismatch on the accuracy of channel state information estimation, and analyze the delay-constrained average rate of hybrid automatic repeat request (HARQ)-based PA systems. We consider variable-length incremental redundancy (INR) HARQ protocols, and derive a closed-form expression for the maximum average rate subject to a maximum delay constraint. Also, we study the effect of different parameters such as the vehicle speed, the antenna distance and the rate allocation on the system performance. The results indicate that, compared to the openloop case, the delay-limited average rate is considerably improved with the proposed PA and HARQ-based scheme.
I. INTRODUCTION
Upcoming 5G use cases include, e.g., intelligent transport systems, autonomous vehicle control, factory automation and providing coverage to vehicles in high-speed scenarios, which are mainly categorized into the class of ultra-reliable low-latency communication (URLLC) [1] . In these vehicle communication-based applications, channel estimation and prediction play key role in the system design and optimization schemes [2] . However, due to the mobility of the users, the typical channel estimation methods may be inaccurate as the position of the transmit/receive antennas may change quickly. For this reason, the predictor antenna (PA) concept has been proposed and evaluated in, e.g., [3] - [7] . Here, the PA setup refers to as a system where two sets of antennas are deployed on the roof of a vehicle, and the PA(s) positioned at the front of the vehicle are used to predict the channel observed by the receive antennas (RAs) that are positioned behind the PA(s).
Typical PA systems have two problems, namely, spatial mismatch and spectral efficiency compared to, e.g., a static multiple input multiple output (MIMO) system with as many antenna elements. Specifically, due to, e.g., speed change or feedback/processing delay, the RAs may not reach the same spatial point as the PA when they receive data. This spatial mismatch problem has been studied in [4] - [6] where different techniques are applied to compensate for this effect. Moreover, in the existing PA setups, the PA is used only for channel estimation but not for data transmission. This may lead to poor performance, in terms of spectral efficiency compared to a corresponding static MIMO system.
From another perspective, hybrid automatic repeat request (HARQ) is a well-known approach to improve the data transmission reliability and efficiency. The main idea of HARQ is to re-transmit the message that experienced poor channel conditions in order to reduce the outage probability [8]- [10] . As the PA system includes the feedback link, i.e., from the PA to the base station (BS), HARQ can be supported by the PA structure in the moving scenarios. That is, the RA could potentially adjust its transmit rate/power based on the feedback from the PA. In this way, it is expected that the joint implementation of the PA and the HARQ scheme can improve the system efficiency and reliability.
In this paper, we develop an HARQ-based scheme for delay-limited PA systems. The goal is to maximize the delayconstrained average rate in the presence of imperfect channel state information at the transmitter side (CSIT). We model the spatial mismatch of the PA system as an equivalent non-central Chi-squared channel, and perform rate adaptation analysis. Particularly, using the incremental redundancy (INR) protocol and variable-length coding, we derive closed-form expressions for the maximum delay-limited average rate as well as for the optimal rate allocation. Finally, we evaluate the effect of different parameters such as transmission delay, variablelength coding and the vehicle speed on the average rate.
As opposed to [3] , [4] , where numerical and test-bed based analysis are presented, in this work we model the PA system analytically, and design a HARQ-based PA scheme. Moreover, our problem setup is different from the ones in [5]- [7] because of the HARQ setup and variable-length coding. Finally, our discussions on the average rate of the HARQ-assisted PA systems with imperfect CSIT have not been presented before.
The analytical and simulation results show that, while a HARQ-assisted PA system leads to considerable performance improvement, compared to the open-loop case, the average rate is remarkably affected by the spacial mismatch and delay constraint. Also, for a broad range of vehicle speeds/delay constraints, the optimal average rate scales with signal-tonoise ratio (SNR) almost logarithmically. Finally, while spatial mismatch may reduce the accuracy of CSIT, it increases the spatial diversity. Thus, depending on the vehicle speed, it may improve or deteriorate the performance of PA-HARQ systems.
II. SYSTEM MODEL
In the standard PA setup, proposed in [3] - [6] , the PA at the front of the vehicle is used only for channel estimation. As opposed, in this letter, we develop a setup where the PA is used for both channel estimation and initial data transmission. Our proposed setup and its timing can be seen in Figs. 1 and 2, respectively. Here, at t 1 the BS sends pilots as well as the encoded data with certain initial rate R and fixed power p to the PA. Then, at t 2 , the PA estimates the BS-PA channel h from the received pilots. At the same time, the PA tries decoding the data and generates an acknowledgement (ACK) if the decoding of the data is successful. Otherwise, a negative acknowledgement (NACK) will be fed back. ACK or NACK is sent to the BS at t 3 . Also, in case of a NACK, the PA also sends CSIT feedback to the BS so that it is aware ofĥ. Define t 3 − t 1 = δ. Based on the received feedback, the BS can decide whether or not to retransmit the message. Finally, at t 4 and with NACK, the BS sends data to the RA with an adapted rate.
In this way, the signals received by the PA and the RA in the first and second rounds arê
and
respectively, where p is the transmit power whilex and x are the transmitted message with unit variance, and z ∼ CN (0, 1) represents the independent and identically distributed (IID) complex Gaussian noise added at the receiver side. Also, h represents the BS-RA channel coefficient. Note that, as explained in the following, the signalsx and x may be of different length, as a function of the channels quality and maximum delay constraint. Also, as presented in [5] , the BS-RA channel h with spatial mismatch is modeled as [5, eq.
Here,ĥ ∼ CN (0, 1) is assumed to be known at the BS, and σ is a function of the mismatch distance d, which is defined
Here, d m and d a are defined as the moving distance with speed v and time δ, and the antenna separation between the PA and the RA, respectively, as illustrated in Fig. 1 . Indeed, manipulate parameters such as d m , d a and v would end up with different d, leading to different level of spatial mismatch σ with analytical derivations given in [6, Section III.A]. Also, we assume that σ andĥ are known at the BS, and q ∼ CN (0, 1) which is independent of the known channel valueĥ. In this way, the cumulative distribution function (CDF) of the channel gain, which is defined as g = |h| 2 , for a given realization ofĝ = |ĥ| 2 , can be described as
Here,
is the Marcum Q-function [11, eq. 1-5-2], where s, ρ ≥ 0 and I n (
i!Γ(n+i+1) is the n-order modified Bessel function of the first kind, and Γ(z) = ∞ 0 x z−1 e −x dx represents the Gamma Function.
As shown in Fig. 3 , let us denote the maximum acceptable delay constraint by L max channel use (cu). Also, we present the block length allocated to the first and the second transmission signals by L and L(ĝ), respectively. Here, L is optimized based on average performance, and L(ĝ) is based on the instantaneous channel qualityĝ. This is because the initial transmission to the PA is performed based on no CSIT at the BS. However, in the second round, the transmission length is adapted based on the instantaneous channel qualityĝ available at the BS. In the following, we optimize the average rate in the presence of variable-length coding and maximum delay constraint.
III. ANALYTICAL RESULTS
Let us denote the initial rate by R = K L nats per channel use (npcu), where K is the number of nats per codeword. Then, in the first transmission, if the instantaneous channel gain supports the rate, i.e., R < log(1 +ĝp) or equivalently, g > θ p where θ = e R − 1, a ACK is sent back to the BS and the transmission stops. On the other hand, if R > log(1 +ĝp), an NACK as well as the instantaneous channel gainĝ are sent back to the BS. Then, in Round 2, we determine the required rate as
which is equivalent to
Let us denote R min = K Lmax which is limited by the delay constraint L max . If L(ĝ) + L > L max leading toĝ < e R min −1 p , no signal is sent in the second round because the maximum delay constraint can not be satisfied. Otherwise, ifĝ > e R min −1 p , we send a redundancy sub-codeword with length L(ĝ).
In this way, the average rate, for givenĝ, is given by
Here, θ min is defined as θ min = e Rmin − 1. Also, I(x) is the indicator function and A is the event that the message is decoded in the second round. Note that, with the rate allocation scheme of (6), it is straightforward to show that A occurs if and only if g ≥ĝ. In this way, (8) can be rewritten as
Finally, averaging the system performance over all possiblê g, we can obtain the average rate as follows.
Theorem 1. The averaged rate of the proposed PA-HARQ scheme is approximately given by (10) .
Proof. Using (9) and taking average overĝ, whose probability density function (PDF) is given by fĝ(x) = e −x , we have
Here, (b) is obtained by
for small/moderate values of σ as well as [11, Eq. 
and ( x 0 e −t 2 dt and some manipulations.
Using (10), the optimal average rate can be found as η opt = argmax R η, which is a one-dimensional equation and can be solved effectively. Finally, as a benchmark, the average rate of the open-loop setup, i.e., with no retransmissions, is given by
and the optimal rate allocation is found by setting the derivative of (12) with respect to R equal to zero leading to R = W(p), where W(·) represents the Lambert W-function xe x = y ⇔ x = W(y) [13] .
IV. SIMULATION RESULTS
In the simulations, we set δ = 5 ms, carrier frequency f c = c λ = 2.68 GHz with λ being the carrier wavelength, and d a = 1.5λ, which affect the mismatch coefficient σ as given in [6, Section III.A]. In Fig. 4 , we demonstrate the optimal average rate in different cases for a broad range of SNRs which, because the noise has unit variance, we define as 10 log 10 P . Here, R min is set to 2 and 3 npcu which corresponds to different delay constraint L max (cf. Sec. III), and σ = 0.1, 0.9. The approximation values are obtained by Theorem 1 and the open-loop case is based on (12) . Figure  5 presents optimal values of R for different values of R min as a function of SNR. Here, we set R min = 2, 3 npcu, and σ = 0.1. Finally, the optimal average rate as a function of vehicle velocities is illustrated in Fig. 6 , with R min = 2 npcu, and SNR set to 14, 16, and 18 dB. We also present the approximation values from Theorem 1. Here, as explained in [5, Section II], manipulating v is equivalent to changing the level of spatial correlation σ for given values of δ, f c and d a in (3) .
According to the figures, we can conclude the following:
• The approximation scheme of Theorem 1 is tight for a broad range of values of SNR ( Figs. 4-6 ), R min (Figs. 4,  5) as well as σ, or equivalently, v (Fig. 4, 6) . Thus, for different parameter settings, the average rate optimization problem for the HARQ-based PA system can be well determined by Theorem 1.
• With deployment of the PA-HARQ, remarkable average rate gain is achieved, compared to open-loop, especially in moderate/high SNRs (Fig. 4) . Also, the average rate increases when the spatial correlation between the PA and the RA is low, i.e., when σ increases (Figs. 4, 6 ). • As can be seen from Fig. 5 , for a broad range of parameter settings and SNRs, the optimal rate R increases with SNR, in the log domain, almost linearly. Also, as R min increases, i.e., with more stringent delay-constraint, higher initial transmission rate R is required for the optimal average rate, as can be seen from the flat regions at the beginning the figure. • In Fig. 6 , there is a minimum value for the average rate. This is intuitive because at low and high speed, i.e., v < 110 km/h and v > 125 km/h, we have larger σ, which although it reduces the CSIT accuracy, provides higher average rate since it gives better spatial diversity of the channel. As a result, the performance of HARQ protocol is improved. The lowest value of η is observed at around 120 km/h, which matches our straightforward calculation from d = |d m − d a |. 
V. CONCLUSION
We proposed an HARQ-based approach in order to compensate for the spatial mismatch and spectral under-utilization problems of PA systems. We designed the system such that the feedback from the PA can be used to adjust the codeword length in order to improve the average rate. The simulation and analytical results show that, while HARQ-assisted PA system leads to considerable performance improvement, compared to open-loop communications, the average rate is remarkably affected by the spacial mismatch, transmitted SNR as well as the delay constraint.
